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Topological Properties of Adiabatically Varied Floquet Systems
Itzhack Dana
Minerva Center and Department of Physics, Bar-Ilan University, Ramat-Gan 52900, Israel
Energy or quasienergy (QE) band spectra depending on two parameters may have a nontrivial
topological characterization by Chern integers. Band spectra of 1D systems that are spanned by
just one parameter, a Bloch phase, are topologically trivial. Recently, an ensemble of 1D Floquet
(time-periodic) systems, double kicked rotors (DKRs) that are classically nonintegrable and depend
on an external parameter, has been studied. It was shown that a QE band spanned by both the
Bloch phase and the external parameter is characterized by a Chern integer. The latter determines
the change in the mean angular momentum of a state in the band when the external parameter is
adiabatically varied by a natural period. We show here, under conditions much more general than in
previous works, that the ensemble of DKRs for all values of the external parameter corresponds to a
1D double kicked particle (DKP) having translational invariance in the position-momentum phase
plane. This DKP can be characterized by a second Chern integer which is shown to be connected
with the integer above for the DKR ensemble. This connection is expressed by a Diophantine
equation (DE) which we derive. The DE, involving the band degeneracies of the DKR ensemble and
of the DKP system, determines the allowed values of the DKR-ensemble integer. In particular, this
integer is generically nonzero, showing the general topological nontriviality of the DKR ensemble.
PACS numbers: 03.65.Vf, 05.60.Gg, 73.43.Cd, 05.45.Mt
I. INTRODUCTION
Band spectra depending on two parameters, such as
Bloch phases, may be topologically characterized by
nonzero Chern integers [1–15] having some physical sig-
nificance, e.g., in the context of quantum transport. A
well known example is the system of 2D Bloch electrons
in a uniform magnetic field [1–6]. As shown in the pio-
neering paper by Thouless, Kohmoto, Nightingale, and
den Nijs (TKNN) [1], the quantum Hall conductance of
this system in linear-response theory is given by e2/h
times the total Chern integer of the magnetic bands be-
low the Fermi level. Following works on this static (time-
independent) system, a first study of the topological char-
acterization of Floquet (time-periodic) systems was per-
formed by Leboeuf et al. [10] for the “kicked Harper”
model (KHM) [10–15]; a generalized version of this sys-
tem is given by the Hamiltonian [14, 15]
HˆKHM =Wp(pˆ) +Wx(xˆ)
∞∑
s=−∞
δ(t− s) (1)
in the position-momentum (xˆ, pˆ) phase plane, where Wp
and Wx are 2pi-periodic functions [16] and we choose
units such that the time period is unity. The KHM is
a classically nonintegrable system, exhibiting chaos, and
is realistic, being exactly related to periodically kicked
charges in a magnetic field [14]. For rational values of an
effective Planck constant ~eff , the quasienergy (QE) spec-
trum of (1) consists of bands characterized by Chern in-
tegers [15]. In a semiclassical regime, zero or nonzero val-
ues of this integer are usually associated with QE eigen-
states localized on classical regular orbits or spread over
the chaotic region, respectively [10–12].
An important feature of the static TKNN system and
the Floquet KHM (1) is translational invariance on some
phase plane, e.g., (xˆ, pˆ) for the KHM. This invariance
implies that a band can be characterized by two Chern
integers which must satisfy a Diophantine equation (DE)
for a rational value of some parameter. The latter is the
number of flux quanta per unit cell in the TKNN case
[1, 2, 4, 5] or ~eff in the KHM case [15]. The DE has
many applications [1, 2, 4–6, 9], e.g., it unambiguously
determines the Chern integer of a band in several systems
[1, 2] as well as the total Chern integer of general spectral
clusters (including the full cluster up to a Fermi level) in
limits of irrational number of flux quanta per unit cell in
the TKNN case [4, 9].
More recently, there has been a considerable new in-
terest in the topological properties of Floquet systems
[17–22], especially in the context of in-gap edge states
and Floquet topological insulators. A class of systems
that has been studied on a first-principles basis are the
nonintegrable double kicked rotors (DKRs) [20–24], de-
fined by the general Hamiltonian [24]
HˆDKR =
Lˆ2
2
+KV (θ)
∞∑
s=−∞
δ(t− s)
+ K˜V˜ (θ)
∞∑
s=−∞
δ(t− η − s), (2)
where (θ, Lˆ) are angle and angular momentum, K and K˜
are nonintegrability parameters, V (θ) and V˜ (θ) are gen-
eral 2pi-periodic potentials, and η is the second kicking
time (0 ≤ η < 1). For rational values of η and of some
~eff , the QE spectrum of (2) consists of bands spanned
by just one Bloch phase [24]. Such bands are therefore
topologically trivial. Recent works [20–22] have consid-
ered the case of cosine potentials in Eq. (2), with one
potential depending on an external parameter α, un-
2der some “on-resonance” (main quantum-resonance [24])
conditions. When a QE band is viewed as depending
on both the Bloch phase and α, it may turn out to be
topologically nontrivial, featuring a nonzero Chern inte-
ger [20, 21]. This integer exactly determines the change in
the mean angular momentum of a state in the band when
α is adiabatically varied by 2pi [20]. It was also shown [21]
that the ensemble of on-resonance DKRs (ODKRs) for all
α is unitarily equivalent to a a similar ensemble of kicked
Harper rotors (KHRs), i.e., Eq. (1) with (xˆ, pˆ) → (θ, Lˆ).
A KHR is topologically trivial like a single DKR.
In this paper, we investigate topological properties of
ODKRs depending on an external parameter α under
conditions much more general than in previous works
[20–22]: We consider arbitrary 2pi-periodic potentials in
Eq. (2) and general on-resonance conditions. We show
that the ensemble of the generalized ODKRs for all α
corresponds to a 1D double-kicked-particle (DKP) sys-
tem possessing translational invariance in the (xˆ, pˆ) phase
plane. This system is essentially a generalized KHM. A
ODKR for some parameter α is given by the restriction
of the DKP system to a fixed value of the quasimomen-
tum. This result is similar to that connecting ODKRs
with KHRs in Ref. [21] (see above) but its derivation is
much simpler and it holds under the general conditions
above. More important, the DKP system is character-
ized by a second Chern integer, which is shown to be
connected with the ODKR-ensemble integer characteriz-
ing the adiabatic quantum transport in Ref. [20] (see also
above). The connection between the two Chern integers
is expressed by a DE which we derive. This DE, which
involves the degeneracy of the QE band eigenstates of the
ODKR ensemble and of the DKP system, determines the
allowed values of the ODKR-ensemble integer. In par-
ticular, this integer is generically nonzero, showing the
general topological nontriviality of the ODKR ensemble.
The paper is organized as follows. In Sec. II, we
present a general background containing a summary of
previous results in terms of the generalized DKRs (2).
In Sec. III, we introduce our DKP system, having trans-
lational invariance in the (xˆ, pˆ) phase plane, and estab-
lish the correspondence between it and the generalized
ODKR ensemble. In Sec. IV, we study basic properties
of the QE band spectrum and eigenstates of the DKP
system and derive an explicit general expression for the
eigenstates. This is then related, using the correspon-
dence above, to the QE band spectrum and eigenstates
of the ODKR ensemble. In Sec. V, we study topological
and related properties of the QE band eigenstates of the
DKP system and of the ODKR ensemble. Expressions for
the two topological Chern integers associated with these
systems are derived. The adiabatic quantum transport in
Ref. [20], characterized by the ODKR-ensemble integer,
is then discussed using our results. Our main result, a
DE connecting the two Chern integers, is derived in Sec.
VI. In Sec. VII, we provide specific examples to illus-
trate some concepts and to verify the validity of the DE.
A summary and conclusions are presented in Sec. VIII.
II. GENERAL BACKGROUND
In order to provide a basis and motivation for the study
in the next sections, we summarize here relevant previous
results [20, 21], but in a more general framework. Con-
sider the general Hamiltonian (2) with the potential V˜ (θ)
replaced by V˜ (θ + α), where α is a parameter. The cor-
responding one-period evolution operator, from t = s− 0
to t = s+ 1− 0, is given by
Uˆ
(α)
DKR(θ, Lˆ) = exp
[
−i (1− η)
Lˆ2
2~
]
exp
[
−i
K˜V˜ (θ + α)
~
]
× exp
(
−iη
Lˆ2
2~
)
exp
[
−i
KV (θ)
~
]
. (3)
where ~ is a scaled (dimensionless) Planck constant in
our units. We assume the general on-resonance condi-
tions (corresponding to main quantum resonances, see
Ref. [24] and below):
~ = 2pil, (4)
where l is an arbitrary even integer. Previous works [20–
23] were restricted to the special case of cosine potentials
in Eq. (3) and l = 2 in Eq. (4). In general, under condi-
tion (4), the operator (3) reduces to the ODKR evolution
operator (see details in Appendix A)
Uˆ
(α)
ODKR(θ, Lˆ) = exp
(
iη
Lˆ2
2~
)
exp
[
−i
K˜V˜ (θ + α)
~
]
× exp
(
−iη
Lˆ2
2~
)
exp
[
−i
KV (θ)
~
]
. (5)
For arbitrary ~, not necessarily satisfying the condition
(4), the operator (5) corresponds to the Hamiltonian of
a modified kicked-rotor model studied in work [25].
We now require the operator (5) to be invariant under
translations in angular momentum Lˆ by N~, for some
integer N . This implies that η must be rational (see
details in Appendix A),
η =
a
c
, (6)
where a and c are coprime integers. Given η by Eq.
(6) and writing l/c = l′/c′, where l′ and c′ are coprime
integers, the minimal value of N is (see Appendix A):
N = c′. (7)
The translational invariance of the operator (5) in Lˆ
by N~ = c′~ implies that its eigenstates, i.e., the QE
states, have a Bloch form in the Lˆ representation:
Φ
(α)
b,γ (n) = exp(−iγn)φ
(α)
b,γ (n), φ
(α)
b,γ (n+ c
′) = φ
(α)
b,γ (n),
(8)
3where the index b labels QE bands ω
(α)
b (γ), each spanned
by the Bloch phase γ. These bands define the eigenval-
ues exp[−iω
(α)
b (γ)] of the operator (5), corresponding to
the eigenstates Φ
(α)
b,γ (n). As shown in Sec. IV, the QE
spectrum consists of precisely c′ bands, b = 1, ..., c′.
In general, a QE band continuous spectrum of the op-
erator (3) at fixed α occurs for rational values of both
η and ~/(2pi) [24] and leads to quantum resonance, i.e.,
the expectation value of the kinetic energy Lˆ2/2 increases
quadratically in time [number of applications of the op-
erator (3)]. The values (4) of ~ correspond to the main
(strongest) quantum resonances.
At fixed α, however, each band is spanned by a single
Bloch phase, γ, and is therefore topologically trivial. On
the other hand, when a band is viewed as depending on
both α and γ, it may be topologically nontrivial, charac-
terized by a nonzero Chern integer [20, 21], see also Secs.
V and VI. This integer exactly determines the change in
the mean angular momentum of a state in a band when
α is adiabatically varied by 2pi [20].
III. CORRESPONDENCE BETWEEN THE
ODKR ENSEMBLE AND A DKP SYSTEM
To derive our main results concerning topological and
related properties of the generalized ensemble of ODKR
operators (5) for all α, under the conditions (4) and (6),
we proceed in four stages: (a) In this section, we estab-
lish a useful correspondence between the ODKR ensem-
ble and a double-kicked-particle (DKP) system. (b) In
Sec. IV, we study basic properties of the QE band spec-
trum and eigenstates of the DKP system and derive an
explicit general expression for the eigenstates. This is
then related, using the correspondence above, to the QE
band spectrum and eigenstates of the ODKR ensemble.
(c) In Sec. V, we write the periodicity conditions satis-
fied by the QE eigenstates of the DKP system and of the
ODKR ensemble. This is then used to derive expressions
for two topological Chern integers, one associated with
the DKP system and the other with the ODKR ensem-
ble. (d) Using the latter expressions, we derive in Sec.
VI a DE connecting the two Chern integers.
We define the DKP system by its evolution operator,
given by Eq. (5) for α = 0 with (θ, Lˆ) replaced by ordi-
nary position and momentum (xˆ, pˆ) on a phase plane:
UˆDKP(xˆ, pˆ) = exp
(
iη
pˆ2
2~
)
exp
[
−i
K˜V˜ (xˆ)
~
]
× exp
(
−iη
pˆ2
2~
)
exp
[
−i
KV (xˆ)
~
]
. (9)
Actually, the DKP operator is given by Eq. (3) for α = 0
with (θ, Lˆ) replaced by (xˆ, pˆ). The operator (9) may be
viewed as corresponding to a modified DKP, analogous
to the modified kicked rotor studied in work [25]. Using
the identity eiηpˆ
2/(2~)f(xˆ)e−iηpˆ
2/(2~) = f(xˆ+ ηpˆ) for ar-
bitrary function f (see also Ref. [23]), the operator (9)
can be expressed as
UˆDKP(xˆ, pˆ) = exp
[
−i
K˜V˜ (xˆ+ ηpˆ)
~
]
exp
[
−i
KV (xˆ)
~
]
.
(10)
Equation (10) gives precisely the evolution operator of a
generalized KHM (1) with pˆ replaced by a new momen-
tum pˆ′ = xˆ + ηpˆ. Using [xˆ, pˆ′] = i~′ = iη~, some re-
sults below follow straightforwardly from similar results
for the KHM in Ref. [15]. However, in order to establish
a relation between the operator (10) and the ODKR one
as clearly and simply as possible, we shall not transform
to the momentum pˆ′. Also, for the convenience of the
reader, our presentation will be self-contained and more
detailed than in Ref. [15].
To derive a relation [Eq. (16) below] between the
operator (9) [or (10)] and the ODKR one (5), we first
note that the operator (10) clearly commutes with a 2pi-
translation in xˆ:
Dˆx,2pi = exp(2piipˆ/~) = exp(2pid/dx), (11)
where we used pˆ = −i~d/dx (from [xˆ, pˆ] = i~). The
simultaneous eigenstates of (10) and (11) can then be
chosen to have the Bloch form in the x representation:
〈x| Ψβ〉 = exp(iβx)ψβ(x), ψβ(x+ 2pi) = ψβ(x), (12)
where β, 0 ≤ β < 1, gives the quasimomentum β~ and
specifies the eigenvalues of both the operator (10),
〈x| UˆDKP(xˆ, pˆ) |Ψβ〉 = exp[−iω(β)] 〈x| Ψβ〉 , (13)
and the operator (11),
Dˆx,2pi |Ψβ〉 = exp(2piiβ) |Ψβ〉 , (14)
where ω(β) in Eq. (13) are the QEs. Inserting Eqs. (10)
and (12) into Eq. (13) and multiplying both sides of
Eq. (13) by exp(−iβx), which is a translation of pˆ by β~
(since xˆ = i~d/dp), we find that ψβ(x) is an eigenstate of
an operator UˆDKP(xˆ, pˆ+β~) [Eq. (10) with pˆ replaced by
pˆ+β~]. Then, in the same way Eq. (10) can be expressed
as Eq. (9), UˆDKP(xˆ, pˆ+ β~) can be expressed as
UˆDKP(xˆ, pˆ+ β~) = exp
(
iη
pˆ2
2~
)
exp
[
−i
K˜V˜ (xˆ+ βη~)
~
]
× exp
(
−iη
pˆ2
2~
)
exp
[
−i
KV (xˆ)
~
]
. (15)
Now, since the eigenstates ψβ(x) of the operator (15) are
2pi-periodic in x [see Eq. (12)], one can interpret (xˆ, pˆ) in
Eq. (15) as angle and angular momentum (θ, Lˆ). Then,
by comparing Eq. (15) with Eq. (5), we see that
UˆDKP(θ, Lˆ+ β~) = Uˆ
(α)
ODKR(θ, Lˆ), α = βη~. (16)
4Equation (16) establishes the correspondence between
the DKP operator (15) at fixed β and the ODKR opera-
tor (5) with α = βη~. We shall use this correspondence
to re-derive and significantly extend results in previous
works, mentioned in Sec. II.
IV. QE SPECTRUM AND EIGENSTATES
Relation (16) was derived just on the basis of the in-
variance of the operator (10) under 2pi-translations (11)
in xˆ. To get more information about the QE spectrum
and eigenstates, we note that the operator (10) clearly
commutes also with a minimal translation of pˆ by 2pi/η:
Dˆp,2pi/η = exp[(2pi/η)d/dp] = exp[−2piixˆ/(η~)]. (17)
For general value (6) of η, the phase-space translations
(11) and (17) do not commute:
Dˆx,2piDˆp,2pi/η = exp[−4pi
2i/(η~)]Dˆp,2pi/ηDˆx,2pi. (18)
However, from Eq. (4), Eq. (6), and the definition above
of the coprime integers (l′, c′) by l/c = l′/c′, we see that
4pi2/(η~) = 2pic′/(al′). Then, Eq. (18) implies that the
minimal translation in pˆ commuting with both operators
(10) and (11) is
(
Dˆp,2pi/η
)al′
= exp(c′~d/dp) = exp(−ic′xˆ). (19)
This is a translation of pˆ by c′~, in consistency with Eq.
(7). Since the operators (10), (11), and (19) commute
with each other, the QE eigenstates |Ψβ〉 in Eqs. (13)
and (14) are also eigenstates of the operator (19):
exp(−ic′xˆ) |Ψβ〉 = exp(−ic
′γ) |Ψβ〉 . (20)
As shown below, at fixed values of β and γ the QE spec-
trum consists of precisely c′ levels ωb(β, γ), b = 1, ..., c
′.
We shall assume from now on that the corresponding QE
eigenvalues are non-degenerate, i.e., exp[−iωb(β, γ)] 6=
exp[−iωb′(β, γ)] for b 6= b
′ and for all (β, γ). Then, as β
and γ cover the ranges of the eigenvalues in Eqs. (14)
and (20), i.e., the Brillouin zone (BZ)
0 ≤ β < 1, 0 ≤ γ < 2pi/c′, (21)
each level b will broaden into a QE band ωb(β, γ) and
these bands are isolated (do not cross). Due to the equiv-
alence relation (16) between the DKP system and the
ODKR ensemble, one has:
ωb(β, γ) = ω
(α)
b (γ), α = βη~. (22)
We now derive a general expression for the QE eigen-
states |Ψβ〉 = |Ψb,β,γ〉 associated with the bands ωb(β, γ).
First, Eqs. (19) and (20) imply that the momentum (p)
representation of |Ψb,β,γ〉 must have the Bloch form
〈p| Ψb,β,γ〉 = exp(−iγp/~)λb,β,γ(p), (23)
where λb,β,γ(p+ c
′
~) = λb,β,γ(p). Second, it is clear from
Eq. (12) that 〈p| Ψb,β,γ〉 can exhibit only momenta (n+
β)~ for all integers n. Thus, λb,β,γ(p) in Eq. (23) must
be a linear combination of delta functions δ(p−n~−β~)
periodic in n with period c′. Then, after setting p =
(n + β)~ in the phase factor exp(−iγp/~) in Eq. (23)
and omitting a constant factor exp(−iβγ), we obtain the
following expression for the QE eigenstates:
〈p| Ψb,β,γ〉 =
c′−1∑
n=0
Φb,β,γ(n) (24)
×
∞∑
j=−∞
e−ijc
′γδ(p− n~− β~− jc′~).
Here the coefficients Φb,β,γ(n) include a phase factor
exp(−iγn). Now, one has the equivalence relation
Φb,β,γ(n) = Φ
(α)
b,γ (n), α = βη~, (25)
where Φ
(α)
b,γ (n) are the states (8). To show Eq. (25), we
note from the derivation of Eq. (24) that the p represen-
tation χb,β,γ(p) of the periodic function ψβ(x) in Eq. (12)
is given by Eq. (24) with β = 0 in the delta functions:
χb,β,γ(p) =
c′−1∑
n=0
Φb,β,γ(n) (26)
×
∞∑
j=−∞
e−ijc
′γδ(p− n~− jc′~).
On the other hand, from Eq. (16) and the fact that
ψβ(x) is an eigenstate of the operator (15) it is clear that
Φb,β,γ(n) in Eq. (26) must be equal to the eigenstate
(8) of the ODKR operator (5); the Bloch phase factors
exp(−ijc′γ) just express the quasi-periodicity of (8) in n
with period N = c′. This shows Eq. (25). Equations
(16), (22), and (25) fully establish the correspondence
between the DKP system and the ODKR ensemble.
Since the QE eigenstates (24) must form a complete
set of states and there can only be c′ independent sets
of coefficients {Φb,β,γ(n)}
c′−1
n=0 , the number of QE bands
must be exactly c′, b = 1, ..., c′, as mentioned in Sec. II.
V. TOPOLOGICAL PROPERTIES,
ADIABATIC QUANTUM TRANSPORT, AND
DEGENERACIES
In this section, we study topological and related prop-
erties of the QE band eigenstates. After writing period-
icity conditions for these eigenstates in suitable Brillouin
zones, we derive general expressions for two topological
Chern integers, one (Sb) associated with the eigenstates
of the DKP system and the other (Cb) with the eigen-
states of the ODKR ensemble. The integer Cb is shown to
be that characterizing the adiabatic quantum transport
of ODKR states in Ref. [20].
5From our assumption of isolated (non-crossing) bands,
see previous section, it follows that the QE eigenstates
|Ψb,β,γ〉 must be periodic in the BZ (21) up to constant
phase factors:
|Ψb,β+1,γ〉 = exp[ifb(β, γ)] |Ψb,β,γ〉 , (27)∣∣Ψb,β,γ+2pi/c′〉 = exp[igb(β, γ)] |Ψb,β,γ〉 . (28)
We now determine the periodicity in (β, γ) of Φb,β,γ(n)
in Eq. (24); Φb,β,γ(n) give the ODKR eigenstates by Eq.
(25). Let us apply the translation (17) to Eq. (24):
〈p| Dˆp,2pi/η |Ψb,β,γ〉 =
c′−1∑
n=0
Φb,β,γ(n)
∞∑
j=−∞
e−ijc
′γ (29)
× δ
(
p− n~− β~+
2pi
η
− jc′~
)
.
From Eqs. (18) and (20), it follows that the state (29)
satisfies Eq. (14) with β replaced by β − 2pi/(η~) =
β − c′/(al′). Moreover, since Dˆp,2pi/η commutes with the
operator (10), the state (29) is degenerate with |Ψb,β,γ〉
and thus belongs to band b because of the assumption of
isolated bands. Therefore, the state (29) must be equal
to
∣∣Ψb,β−c′/(al′),γ〉 up to a constant phase factor:
Dˆp,2pi/η |Ψb,β,γ〉 = exp[iub(β, γ)]
∣∣Ψb,β−c′/(al′),γ〉 . (30)
Equations (24), (29), and (30) imply that
Φb,β−c′/(al′),γ(n) is equal to Φb,β,γ(n) up to the
phase factor in Eq. (30). Equation (24) also implies
that Φb,β,γ+2pi/c′(n) is equal to Φb,β,γ(n) up to the phase
factor in Eq. (28). In summary:
Φb,β+c′/(al′),γ(n) = exp[iwb(β, γ)]Φb,β,γ(n), (31)
Φb,β,γ+2pi/c′(n) = exp[igb(β, γ)]Φb,β,γ(n), (32)
where wb(β, γ) = ub(β + c
′/(al′), γ).
Due to the single-valuedness of |Ψb,β,γ〉 in the BZ (21),
the total phase change of |Ψb,β,γ〉 when going around
the BZ boundary counterclockwise must be equal to an
integer multiple Sb of 2pi. The quantity Sb is a topo-
logical Chern integer for band b, see, e.g., works [1–15].
Let us derive an expression for Sb. From Eqs. (27)
and (28), it follows that when γ is varied from γ to
γ+2pi/c′ (on the vertical axis of the BZ) the total change
in the phase of |Ψb,β+1,γ〉 relative to that of |Ψb,β,γ〉 is
fb(β, γ + 2pi/c
′) − fb(β, γ); when β is varied from β + 1
to β (on the horizontal axis of the BZ) the total change
in the phase of
∣∣Ψb,β,γ+2pi/c′〉 relative to that of |Ψb,β,γ〉
is gb(β, γ)− gb(β + 1, γ). Thus, one must have
fb
(
β, γ +
2pi
c′
)
− fb(β, γ) (33)
+ gb(β, γ)− gb(β + 1, γ) = 2piSb.
Similarly, from Eqs. (31) and (32) one can associate
another Chern integer Cb with band b:
wb
(
β, γ +
2pi
c′
)
− wb(β, γ) (34)
+ gb(β, γ)− gb
(
β +
c′
al′
, γ
)
= 2piCb.
The integer Cb is precisely the ODKR-ensemble Chern in-
teger determining, as in work [20] (where only cosine po-
tentials were considered), the change in the mean angular
momentum of an ODKR state in band b when the param-
eter α in Eq. (5) is adiabatically varied from 0 to 2pi. To
see this, we note that the shift of β by c′/(al′) = 2pi/(η~)
in Eq. (31) corresponds, by Eq. (25), to a shift of α by
2pi. Then, representing an ODKR eigenstate by the col-
umn vector Vb(w) = {Φ
(α)
b,γ (n)}
c′−1
n=0 , where w = (α, γ),
and using Eq. (25), we can rewrite Eq. (34) as
Cb =
1
2pii
z
BZ1
V†b(w)
dVb(w)
dw
· dw. (35)
Here BZ1 is the Brillouin zone for the ODKR eigenstates,
0 ≤ α < 2pi, 0 ≤ γ < 2pi/c′, (36)
and the contour integral is performed counterclockwise
around the boundary of the zone (36). Using Stoke’s the-
orem, the latter integral can be expressed as the integral
of a Berry’s curvature over BZ1. The resulting formula
for Cb can be easily seen to coincide with that given for
cosine potentials by Eq. (9) in Ref. [20] [or Eq. (12) in
Ref. [21]], but it now holds for arbitrary potentials.
We remark that Cb gives the total vorticity of all the
zeros [3, 7, 8] of Φ
(α)
b,γ (n) in the zone (36). Similarly, Sb
is the total vorticity of all the zeros of the QE eigen-
states |Ψb,β,γ〉 in the BZ (21), when these eigenstates are
expressed in a suitable representation, e.g., the coherent-
state one as in Ref. [12], rather than the p representa-
tion of Eq. (24). While we do not have yet a quantum-
transport interpretation of Sb, this integer determines the
allowed values of Cb, as we show in the next section.
As mentioned above, the state (29) is degenerate
with |Ψb,β,γ〉 and is associated with the quasimomen-
tum β − c′/(al′), see Eq. (30). In general, the al′ states
Dˆsp,2pi/η |Ψb,β,γ〉, s = 0, 1, ..., al
′ − 1, are all degenerate
eigenstates in band b, associated with the quasimomenta
β− sc′/(al′) mod(1). Thus, a QE band ωb(β, γ) must be
periodic in β with period c′/(al′) and also with period
1 [in the BZ (21)]. This is possible only if the minimal
periodicity zone of ωb(β, γ) is
0 ≤ β < 1/(al′), 0 ≤ γ < 2pi/c′. (37)
Using Eq. (25), the corresponding periodicity zone for
the ODKR QE bands ω
(α)
b (γ) is
0 ≤ α < 2pi/c′, 0 ≤ γ < 2pi/c′. (38)
6This means that the c′ ODKR eigenstates Φ
(α+2pis/c′)
b,γ (n),
s = 0, 1, ..., c′ − 1, are all degenerate; see also note [26].
VI. DIOPHANTINE EQUATION (DE) FOR
CHERN INTEGERS
We derive here a DE for the Chern integers Sb and Cb.
Let us first iterate Eq. (27) c′ times; this gives
|Ψb,β+c′,γ〉 = exp[if¯b(β, γ)] |Ψb,β,γ〉 , (39)
where
f¯b(β, γ) =
c′−1∑
r=0
fb(β + r, γ). (40)
On the other hand, using the explicit Eq. (24) with the
(al′)th iteration of Eq. (31), we get
|Ψb,β+c′,γ〉 = exp[ic
′γ + iw¯b(β, γ)] |Ψb,β,γ〉 , (41)
where
w¯b(β, γ) =
al′−1∑
r=0
wb
(
β +
rc′
al′
, γ
)
(42)
and wb(β, γ) are the phases in Eq. (31). Then, by com-
paring Eq. (39) with Eq. (41), it follows that
c′γ + w¯b(β, γ) = f¯b(β, γ) + 2pim, (43)
where m is some integer. Next, let us add c′ equations
(33) for β, β + 1, . . . , β + c′ − 1. Using Eq. (40), we find
that
f¯b
(
β, γ +
2pi
c′
)
− f¯b(β, γ) (44)
+ gb(β, γ)− gb(β + c
′, γ) = 2pic′Sb.
Similarly, by adding al′ equations (34) for β, β +
c′/(al′), . . . , β + c′(al′ − 1)/(al′) and using Eq. (42), we
get
w¯b
(
β, γ +
2pi
c′
)
− w¯b(β, γ) (45)
+ gb(β, γ)− gb (β + c
′, γ) = 2pial′Cb.
Because of Eq. (43), Eq. (44) can be rewritten as
2pi + w¯b
(
β, γ +
2pi
c′
)
− w¯b (β, γ) + gb(β, γ) (46)
− gb(β + c
′, γ) = 2pic′Sb.
Finally, by comparing Eq. (45) with Eq. (46), we obtain
the DE:
c′Sb − al
′Cb = 1. (47)
Equation (47) determines the allowed values of the inte-
ger Cb which characterizes the adiabatic quantum trans-
port in angular momentum of the ODKRs, see previous
sections. Clearly, Cb = 0 in Eq. (47) only in the excep-
tional case of c′ = 1 (QE spectrum with only one band),
so that the DE shows the general topological nontrivial-
ity of the ODKR ensemble. We also see, from l′/c′ = l/c
with coprime integers (l′, c′), that the integers a, c′, and
l′ in Eq. (47) depend quite erratically on l and on the ra-
tional value of the parameter η = a/c, determining both
classical and quantum properties of the DKRs [24].
VII. EXAMPLES
To illustrate some of the concepts above and to verify
the validity of Eq. (47), we consider here some examples
for which the Chern integers Cb were calculated numeri-
cally in work [21] and show that these values of Cb satisfy
Eq. (47) for integer Sb. In the examples, the kicking po-
tentials in Eq. (2) are V (θ) = V˜ (θ) = cos(θ), l = 2 in
Eq. (4), and η~ = 2pi/3. Since η~ = 2pial′/c′, the latter
value means that al′ = 1 and c′ = 3 (thus, a = l′ = 1, so
that from l′/c′ = l/c and l = 2 we see that c = 6). Values
of Cb for the c
′ = 3 QE bands b, calculated in Ref. [21]
for different values of K/~ and K˜/~ (see Figs. 5 and 7
in Ref. [21]), are listed in Table I with the corresponding
values of Sb from Eq. (47). As all the values of Sb are
integers, this shows the validity of Eq. (47).
TABLE I: See text for details.
K/~ 2 6 8 1
K˜/~ 2 6 8 5
C1, S1 -1, 0 -4, -1 -16, -5 2, 1
C2, S2 2, 1 8, 3 32, 11 -4, -1
C3, S3 -1, 0 -4, -1 -16, -5 2, 1
From Eq. (38), one expects the c′ = 3 QE bands
ω
(α)
b (γ) to be periodic in α with period 2pi/c
′ = 2pi/3,
This is clearly shown in Fig. 6 of Ref. [21].
VIII. SUMMARY AND CONCLUSIONS
The ODKR ensemble [20, 21], studied in this paper
using the generalized version (5) of its evolution opera-
tors, seems to be the first topologically nontrivial Flo-
quet system for which its Chern integers Cb can be given
an exact quantum-transport interpretation: As shown in
Ref. [20], Cb exactly determines, on a first-principles ba-
sis, the change in the mean angular momentum of a state
in band b when the parameter α in Eq. (5) is adiabati-
cally varied from 0 to 2pi. Such an exact interpretation
should be contrasted with the approximate one, based on
linear-response theory, given to a TKNN Chern integer,
as determining the quantum Hall conductance carried by
a magnetic band for the system of Bloch electrons in a
7uniform magnetic field [1]. On the other hand, the phase-
plane translational invariance of the latter system allows
one to derive a well-known and useful Diophantine equa-
tion (DE) for the TKNN integers [1, 4, 5] and one may
ask whether a similar equation exists also for the ODKR-
ensemble integer Cb.
In this paper, we have answered this question in the
affirmative under most general conditions. This was
done in several stages. First, we have introduced a
DKP system described by the evolution operator (9) or
(10), which is translationally invariant in the position-
momentum phase plane. We have then established a
correspondence between this system and the ODKR en-
semble, see Eqs. (16), (22), and (25). Next, this corre-
spondence was used to derive several results concerning
the topological and related properties of the QE band
spectrum and eigenstates of both the DKP system and
the ODKR ensemble.
Among these results, the main one is the DE (47) de-
termining the allowed values of two Chern integers, Cb
and Sb, where Cb characterizes the adiabatic quantum
transport of ODKRs [20], see above. The second inte-
ger, Sb, is associated with the DKP system and appears
in this paper apparently for the first time. The quan-
tities al′ and c′ featured by the DE (47) have a well-
defined meaning: They give the degeneracy of the QE
band eigenstates of the DKP system and of the ODKR
ensemble, respectively (see end of Sec. V).
While both Chern integers in the DE for the TKNN
system have a quantum-transport interpretation [1, 4,
27], the physical meaning of the second Chern integer
Sb, associated with our DKP system, is not yet known.
We plan to investigate this problem in future works.
APPENDIX A
Since the eigenvalues of Lˆ in Eq. (3) are n~ for
all integers n, one has Lˆ2/(2~) = piln2 identically un-
der the condition (4). This implies, for even l, that
exp[−iLˆ2/(2~)] = 1. The evolution operator (3) reduces
then to the ODKR operator (5).
Let us require the operator (5) to be invariant un-
der translations in angular momentum Lˆ by N~, for
some integer N . After replacing Lˆ by Lˆ + N~ in Eq.
(5), there will appear factor terms exp(±iNηLˆ). Since
Lˆ = −i~d/dθ, these terms are equal to exp(±N~ηd/dθ),
i.e., translations of θ by ±N~η. One then finds that
Uˆ
(α)
ODKR(θ, Lˆ + N~) = Uˆ
(α+N~η)
ODKR (θ). Because of the 2pi-
periodicity of the potentials, it follows that Uˆ
(α)
ODKR(θ, Lˆ+
N~) will be equal to Uˆ
(α)
ODKR(θ, Lˆ) only if N~η is a mul-
tiple of 2pi. This and Eq. (4) imply that η is rational,
i.e., Eq. (6). Also, writing l/c = l′/c′, where l′ and c′ are
coprime integers, we see that the minimal value of N for
which N~η is a multiple of 2pi is N = c′, i.e., Eq. (7).
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